Bound states in the continuum (BICs), an emerging type of long-lived resonances different from the cavity-based ones, have been explored in several classical systems, including photonic crystals and surface acoustic waves. Here, we reveal symmetry-protected mechanical BICs in the structure of slab-on-substrate optomechanical crystals. Using a group theory approach, we identified all the mechanical BICs at the Γ point in optomechanical crystals with C4v and C6v symmetries as examples, and analyzed their coupling with the co-localized optical BICs and guided resonances due to both moving boundary and photo-elastic effects. We verified the theoretical analysis with numerical simulations of specific optomechanical crystals which support substantial optomechanical interactions between the mechanical BICs and optical resonances. Due to the unique features of high-Q, large-size mechanical BICs and substrate-enabled thermal dissipation, this architecture of slab-on-substrate optomechanical crystals might be useful for exploring macroscopic quantum mechanical physics and enabling new applications such as high-throughput sensing and free-space beam steering.
coupling between the macroscopic mechanical BICs and optical resonances, for optically cooling the mechanical modes and addressing single phonons [13] .
In principle, the mechanical BICs in optomechanical crystal slabs are not limited in size in the planar dimensions, in contrast to the resonances in micro-cavities which have a mode size comparable to the wavelength. Thus, such mechanical BICs with large masses, as well as their frequencies in the gigahertz range, represent a unique system for studying macroscopic quantum physics. The large-area mechanical BICs coupled with optical fields might also enable new applications, such as high-throughput sensing and free-space beam steering.
II. SYMMETRY-PROTECTED MECHANICAL AND OPTICAL BICS IN SLAB-ON-SUBSTRATE OPTOMECHANICAL CRYSTALS
In photonic crystal slabs with a spatial symmetry represented by a point group G, the optical modes with Bloch momentum k belong to the irreducible representation of the k-group G k , i.e., a sub-group of G whose elements keep vector k invariant [16] . When the representation of a photonic crystal mode is incompatible with that of farfield radiation modes with the same parallel momentum, this mode decouples from the radiation continuum and becomes trapped in the photonic crystal slab [17] . In mechanically-compliant photonic crystals, i.e., optomechanical crystals, the mechanical Bloch modes can also be classified by the irreducible representations of the point group, and symmetry-protected mechanical BICs exist when their representations are incompatible with the acoustic waves in the surrounding media. We are interested in the coupling between mechanical BICs and optical resonances, including BICs and guided resonances, in slab-on-substrate optomechanical crystals. In general, because of the phase matching condition, only mechanical modes with Bloch momentum k = 0 can couple with an optical mode. As such, we will only consider mechanical BICs at the Γ point in this paper, whose k-group is simply G. However, mechanical BICs at other high-symmetric points in the Brillouin zone can be similarly analyzed, which are useful for coupling two optical modes with different momenta.
As examples, we will analyze two types of slab-on-substrate optomechanical crystals, with spatial symmetry described by C 4v and C 6v groups, which are commonly seen in crystals with square and triangular lattices, respectively. The structure with C 4v symmetry is schematically shown in Fig. 1 with a square lattice (lattice constant a) of circular holes in the slab, which is sandwiched between the semi-infinite substrate and air. The specific structure of the unit cell is for the purpose of illustration, which can be of any geometry that respects the point group symmetry for the analysis in this paper to apply. In Table I and II, we list all the irreducible representations of the C 4v and C 6v groups and their characters to facilitate the discussion below. 
The evolution of elastic waves in solids is governed by the following wave equation of elastodynamics:
where ρ, E and ν are the density, Young's modulus and Poisson's ratio of the solid, respectively, and Q is the mechanical displacement. According to Bloch's theorem, when the elastic parameters are periodically distributed in two dimensions, such as in optomechanical crystal slabs, the mechanical eigenmodes of Eq. 1 can be written as:
where ω is the eigenfrequency, k is the Bloch wavevector in the plane of the slab, ρ is the in-plane component of the position vector r, and u k (r) is a periodic function in the two dimensions. We can further expand u k (r) using discrete Fourier transform:
where G j are the reciprocal lattice vectors. For example, in an optomechanical crystal with a square lattice, the first few reciprocal lattice vectors are
a , etc.. In the far field, the solution of Q k (r) is merely a superposition of plane waves. To find it, we can decompose Q into the curl-free (Q L ) and divergence-free (Q T ) components and separate Eq. 1 into two independent equations:
where
(1−2ν)(1+ν) are the speed of transverse and longitudinal elastic waves, respectively. Note the elastic parameters in these formula of speed of sound are those of the substrate. The mechanical mode in the far field is then given by
and A T,j and A L,j are the amplitudes of transverse and longitudinal waves, respectively. Because of the phase-matching condition for non-vanishing optomechanical coupling between a mechanical mode and an optical mode, we only consider mechanical BICs at the Γ point, i.e., k = 0. In most solids, Poisson's ratio is less than one, leading to c T < c L . For k = 0, and ω < c T 2π
(for C 6v structures), which we call the cut-off frequency, only the zeroth-order terms (j = 0) in Eq. 5 have real z-component of the wavevector, and they can be parameterized as
These are the only radiation channels that a mechanical slab mode at the Γ point below the cut-off frequency can couple to. It is easy to see that {e x , e y } forms the basis of the E representation of C 4v point group and the E 1 representation of C 6v point group, and e z belongs to the A 1 representation of C 4v and C 6v groups. Therefore, for a mechanical eigenmode with frequency ω < c T 2π a in an optomechanical crystal with C 4v symmetry, it can be a BIC only if its representation belongs to {A 2 , B 1 , B 2 }. And in a structure with C 6v symmetry, a mechanical mode with frequency ω < c T 4π √ 3a
can be a BIC only if its representation belongs to {A 2 , B 1 , B 2 , E 2 }. Above the cut-off frequency, at least the first-order transverse terms in Eq. 5, i.e.,
a e x,y } for C 4v structures and
2 e y )} for C 6v structures, become viable radiation channels for the mechanical modes at the Γ point. We find the basis
, respectively, which contain all the irreducible representations of the two groups. As a result, above the cut-off frequency, no mechanical BICs exist. We summarize these results in Table III . 
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B. Optical BICs
The analysis of optical BICs largely follows from the analysis of mechanical BICs above. Again, in order to have any confined optical modes in the slab, we require the refractive index of the material of slab is larger than that of the substrate. In the far field, the electric fields satisfy the Maxwell's equation,
where n is the refractive index of the substrate and c is the speed of light in vacuum. We can decompose the electric fields into plane waves:
The difference from elastic waves is that electromagnetic waves can only be transverse. At the Γ point, when ω < c n 2π
(C 6v structures), the only radiation component in Eq. 10 is E 0 = A 0 e ik 0 z z . E 0 has the same form as Q T,0 , so it belongs to the E representation of C 4v or the E 1 representation of C 6v . Above the cut-off frequencies, similar to the mechanical case, the radiation terms contain all the irreducible representations of C 4v or C 6v group, and thus no optical BICs exist. The result of optical BICs is summarized in Table III as well.
III. OPTOMECHANICAL COUPLINGS BETWEEN MECHANICAL BICS AND OPTICAL MODES
The optomechanical interaction between a mechanical mode and an optical mode can be modeled by the Hamiltonian
, where a(b) and a † (b † ) are the annihilation and creation operators of the optical(mechanical) mode, and g 0 is the single-photon optomechanical coupling. The main contribution to the optomechanical coupling includes moving boundary effect g 0,MB and photo-elastic effect g 0,PE , with the total optomechanical coupling given by [18] :
where ω m is the frequency of the mechanical mode and m eff = ρ|Q| 2 dV is its effective mass with properly normalized Q.
For mechanical and optical Bloch modes in optomechanical crystals, the optomechanical coupling can be calculated using
where k is the Bloch wavevector of the mechanical mode, a 1,2 are the lattice vectors, N is the number of unit cells in the optomechanical crystal slab, andḡ 0 is the coupling in a single unit cell at (n, m) = (0, 0). For large enough optomechanical crystals, from Eq. 13, g 0 is zero unless k = 0, which is equivalent to the phase-matching condition. Thus, for the mechanical BIC at the Γ point, its coupling with an optical mode is given by
Because of the scaling of 1/ √ N , the single-photon optomechanical coupling between the delocalized mechanical BICs and optical modes is generally smaller than that in state-of-the-art optomechanical crystal cavities [18] . However, because of the better unit-area photon capacity thanks to the substrate-enabled heat dissipation, parametrically enhanced optomechanical coupling, i.e.,
where n p is the number of pump photons in a single unit cell, might be comparable or even better than the state-ofthe-art, given sufficient pump powers can be supplied. Below, we will systematically study the optomechanical coupling between a mechanical BIC and an optical mode, based on the symmetry of the modes indicated by their representations. This general analysis helps to identify modes with desired symmetries for non-vanishing optomechanical couplings which can be further optimized through numerical simulations.
A. Moving boundary effect
The optomechanical coupling due to moving boundary effect is given by [18] 
where ω o is the frequency of the optical mode,n is the unit vector normal to the boundary, and ⊥ denote the components parallel and perpendicular to the boundary, ∆ = int − ext and ∆
ext ( ext is the permittivity of the media whichn points to and int is the permittivity of the media on the other side of the boundary.). We define f ≡ ∆ |E | 2 − ∆ −1 |D ⊥ | 2 to simplify the discussion below.
We first consider the coupling between a one-dimensional (1-d) representation mechanical BIC and a 1-d representation optical mode. Apparently, for 1-d representation optical modes, f is even under mirror operations σ α , i.e., {2σ v , 2σ d } in the C 4v group and {3σ x , 3σ y } in the C 6v group, since E and D ⊥ are either even or odd under these mirror operations. Here we used subscript α to denote the angle between the x-z plane and the mirror plane, e.g., σ π/2 = σ x . The integral in the numerator of Eq. 16 can be calculated in the two regions separated by the mirror plane,
We see that, if the mechanical mode is odd under σ α , the integration is zero. According to Tables I and II, 
Next we consider the case when at least one of the mechanical and optical modes is a 2-d representation. For a 2-d representation, the matrix form of the group elements are generally not diagonal, except for C 2 . One can find C 2 = −I for E (C 4v ) and E 1 (C 6v ) representations and C 2 = I for E 2 (C 6v ) representation. Therefore, all the modes, irrespective of the dimension of the representation, are either odd or even under C 2 . Making use of the unique property of C 2 , the integral in the numerator of Eq. 16 can be calculated as
From Eq. 18, we see that the mechanical BIC needs to be even under C 2 for non-vanishing moving boundary effect in this case.
The optomechanical coupling due to moving boundary effect between a mechanical BIC and an optical mode is summarized in Table IV and Table V for structures with C 4v and C 6v symmetry, respectively. In these tables, when the coupling is indicated as = 0, it only means the coupling is not constrained to be zero by symmetry; but could be zero due to other reasons, such as linear combination of degenerate modes. 
The optomechanical coupling due to photo-elastic effect is given by [18] 
where 0 is the vacuum permittivity, n is the refractive index, p is the rank-four photo-elastic tensor and S is the strain tensor. Unlike the moving boundary effect, the photo-elastic effect depends on the crystalline type of materials through the photo-elastic tensor. We will consider two types of crystalline: the hexagonal crystal, e.g., aluminum nitride, and the cubic crystal, e.g., silicon. Another subtlety of photo-elastic effect is the orientation of the material's crystal lattice relative to the artificial optomechanical crystal. To take this into account, we use a general photo-elastic tensor with an in-plane rotation with respect to the optomechanical crystal slab,
and θ is the rotation angle. We find that the photo-elastic tensor of hexagonal crystals is independent of θ, while that of cubic crystals is periodic in θ with a periodicity of π/2. The analysis of the photo-elastic effect is much more involved comparing to the moving boundary effect, due to a large number of terms present in Eq. 19. We leave the detailed analysis in Appendix B, and summarize the result in Tables VI and VII. In these Tables, when the coupling is indicated as 0 → = 0, it means that the coupling depends on the rotation angle and it is 0 when θ is a multiple of π/2. 
IV. CROSS-STRUCTURE OPTOMECHANICAL CRYSTALS: AN EXAMPLE
We designed and numerically simulated some slab-on-substrate optomechanical crystals with C 4v and C 6v symmetry to verify the theory above. For the structure with C 4v symmetry, the unit cell of the optomechanical crystal is shown in Fig. 2a . According to our simulation, such cross structures support more mechanical BICs than a unit cell with a regular square or circular hole. In our simulation, the slab is made of 600 nm thick aluminum nitride (AlN) and the substrate is silicon dioxide (SiO 2 ). For AlN, the Young's modulus, Poisson's ratio, density and refractive index are 325 GPa, 0.25, 3120 kg/m 3 and 2.14, respectively; for SiO 2 , these material parameters are 74. The phononic and photonic bandstructures for the unit cell with a lattice constant a = 1 µm is shown in Fig.2 b and c, calculated using finite element method (COMSOL) and plane wave expansion method (MIT Photonic Bands), respectively. We find that the modes at the Γ point are consistent with the result of Table III. For the mechanical modes, below the cut-off frequency c T,SiO2 /a = 3.44 GHz, there are three mechanical BICs, indicated by the red dots in Fig. 2b , with frequency and representation of (2.53 GHz, A 2 ), (2.77 GHz, B 1 ), and (2.93 GHz, B 2 ), respectively. For the optical modes, below the cut-off frequency c/n SiO2 a = 196 THz, there are two optical BICs, indicated by the red dots in Fig. 2c , with frequency and representation of (182 THz, B 1 ) and (194 THz, A 1 ), respectively. The mode profiles of the three mechanical BICs and two optical BICs as well as an optical guided resonance (i.e., leaky modes which nevertheless have significant energy confined in the slab [19] ; the yellow dot in Fig. 2c with frequency 190 THz and representation E) are shown in Fig. 3 . Due to the finite thickness (4 µm) of the substrate used in our simulations, the mechanical BICs have limited quality factors instead of being infinity in theory. However, as shown in Fig. 4 , comparing to the mechanical guided resonances (e.g. the yellow dot in Fig. 2b ), the quality factors of mechanical BICs are still significantly higher (∼ 10 6 − 10 7 ).
We also calculated the optomechanical coupling between the mechanical BICs and optical modes. The photo-elastic tensor of hexagonal AlN is taken from Ref. [20] . We found that, in this C 4v structure, the optomechanical coupling between the mechanical BICs and optical BICs are indeed zero, and nonzero couplings occur between the mechanical BICs and the optical guided resonance with E representation (Fig. 3f) as listed in Table VIII , among which the largest total optomechanical coupling in a single unit cell isḡ 0 /2π = 690 kHz for the mechanical BIC with frequency 2.93 GHz (Fig. 3c) . We also simulated cross-structure optomechanical crystals with C 6v symmetry in the same material system, and find that all the modes and optomechanical couplings are consistent with the theory. The result is provided in Appendix C. We note the optomechanical couplings obtained here are rather preliminary and can be further optimized with new structure design and parameter sweeping. 
V. SUMMARY
In summary, we have proposed a new paradigm for chip-scale optomechanics using long-lived mechanical bound states in the continuum in slab-on-substrate optomechanical crystals. Using a group theory approach, we systematically identified mechanical BICs at the Γ point in optomechanical crystals with C 4v and C 6v symmetry, and nonvanishing optomechanical couplings between the mechanical BICs and optical modes. We verified the theory with an example of slab-on-substrate optomechanical crystals that support a variety of mechanical BICs with large optomechanical couplings. The mechanical BICs in slab-on-substrate structures might be useful for exploring macroscopic quantum optomechanics and applications such as high-throughput sensing.
a e y . Since Q 1,T is divergence free, it can be expanded in the following basis:
, where both q l and q l are orthogonal to the wavevector (G 1l , k 1l T,z e z ). We have omitted e ikzz because it is invariant under any operation in the C 4v point group. We are going to prove the linear combination of {q l } l=0,...,3 belongs to a reducible representation, which can be decomposed into A 2 + B 2 + E. Applying the operations in the C 4v point group to {q l } l=0,..., 3 , results in
with the subscripts in the sense of mod 4. Thus we get the characters of this reducible representation are:
Based on the character orthogonality theorem, the number of times that an irreducible representation appears in a reducible representation can be determined by
where P refers an irreducible representation, χ(g) and χ (P ) (g) are the characters of the operation g for the reducible representation and the irreducible representation P , respectively. The sum is over all the operations in the point group, whose number of elements is n. The numbers of irreducible representations are then:
Thus any linear combination of {q l } l=0,...,3 is a reducible representation that can be decomposed into the combination of an A 2 mode, a B 2 mode and a pair of E modes. Likewise,
That is, the reducible representation of the linear combination of {q l } l=0,...,3 can be decomposed into A 1 + B 1 + E. Thus, Q 1,T can be decomposed into A 1 + B 1 + A 2 + B 2 + 2E in the square lattice.
One can also verify that in the triangular lattice, the first order transverse radiation component can be decomposed into A 1 + B 1 + A 2 + B 2 + E 1 + E 2 .
Appendix B: Photo-elastic effect
The photo-elastic matrices P h for hexagonal system (D 3h ,C 6v ,D 6 ,D 6h ) and P c for cubic system (T d ,O,O h ) are as follows, 
